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Abstract

This study investigates the delivery time quotation and pricing in a two-stage make-
to-order supply chain facing a time- and price-sensitive demand. We consider different
managerial approaches which results in different models. First, we study a global model
where a pair of price and delivery time are quoted to customers to maximize the expected
overall profit while satisfying a global service level on the whole system. Second, we study
a local model where each stage is required to quote a local delivery time while satisfying a
local service level, and the delivery time quoted to customers consists of both local delivery
times and must satisfy the global service level. The objective is similar to that of the global
model. When both stages target the same service level than the one imposed to the whole
system, we demonstrate under realistic conditions that satisfying the local service constraints
enables to satisfy the global service constraint. This allows to remove the global constraint
from the local model and solve it analytically. With comparison to the global model, the
local model presents several managerial advantages with a limited profit loss. The mean gap
is only 1.68% for a service level of 95%. We perform sensitivity analyses to derive insights
into the impact of market characteristics and capacities on the performance of each stage
and the overall performance. Finally, we extend the local model by allowing each stage to

targeting a different service level. This leads to closing the profit gap with the global model.
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1 Introduction

The delivery time (DT) quotation and pricing are strategic decisions that determine the demand
of a substantial majority of customers, and significantly impact the firm’s profitability (Celik
and Maglaras, 2008, Huang et al., 2013, Hammami and Frein, 2014, Xiao and Qi, 2016). While
the selling price has a well-understood impact on demand and profitability, the DT factor may
be more complicated. Indeed, quoting a shorter DT can yield a higher demand but increases
the risk of late delivery. As reliability in meeting agreed DT's is of value to customers (Boyaci
and Ray, 2006, Kingsman et al. 1998), firms generally target a given service level. However,
to satisfy the service level constraint (i.e. to guarantee that the probability of respecting the
quoted DT is greater than the service level), it may be required to quote a longer DT, which may
deter some customers and then yields a lower demand. Combining DT quotation and pricing
implies more complex trade-offs since pricing impacts the demand rate and, consequently, has
an effect on the DT quotation (a smaller price generates a higher demand but increases the risk
of late delivery).

To offer a short DT, some companies adopt a make-to-stock (MTS) production policy. In
this case, the work is released based on demand forecast, and demand is satisfied from the avail-
able stock. However, when there are diversified and uncertain customer requirements or when
holding inventory is costly, the downstream operations may prefer to adopt a make-to-order
(MTO) approach, i.e., release the work only in response to customers’ orders. Many practical
systems combine both MTS and MTO operations. Indeed, there is generally a Customer Order
Decoupling Point (CODP) that divides the operations into forecast-driven operations (upstream
of the CODP), and customer order-driven operations (downstream of the CODP). The DT of
a customer order mostly depends on the lead times associated with the MTO operations (if
one ignores the stockout in the CODP) (Hammami et al. 2017). This study focuses on the
MTO operations occurring after the CODP. According to Haskose et al. (2004), the production
process associated with the MTO operations can be viewed as a network of queues, of differ-
ent types. The authors explained that one possible configuration is the tandem network with

at least two stages. In practice, this corresponds to MTO manufacturing systems where each



customer order requires processing (transformation work) on a series of workstations through
the production facilities Haskose et al. (2004).

This research investigates the DT quotation and pricing in a MTO supply chain (SC) facing
a DT- and price-sensitive demand. The extant works typically aggregate the SC into a single
operation stage and model the system as a M/M/1 queue. One remark is in order here. A
few works investigated a two-stage SC (e.g., Liu et al. 2007, Zhu, 2015, Xiao and Qi, 2016).
However, these works also consider only one operation stage, whereas the other stage just plays
a pricing role and does not affect the sojourn time of customers’ orders in the system, so does
not impact the DT quotation. Consequently, the system is also modeled as a single queue
(similar to single-stage models). A more detailed analysis of processing and waiting lead times
suggests to model the system as a network of queues (Haskose et al. 2004). This is often more
realistic than considering a single aggregated operation.

This is the first paper to investigate the DT quotation and pricing in a MTO tandem
queue model consisting of two operations stages (each stage has a finite capacity) and facing a
random DT- and price-sensitive demand. This corresponds, for instance, to a system where the
upstream stage manufactures a semi-finished product and the downstream stage manufactures
and/or assembles the final product. Our approach is particularly interesting when the whole

system can be decomposed into two independent sub-systems, such as in the following situations.

e When the processing operations are located in two different facilities, it is generally more
suitable to model each facility as a separate stage instead of aggregating the system
into a single operation stage, especially when each facility has a different role. Indeed,
this enables to set specific objectives to each facility and to assess its local performance.
Considering two stages is also more representative of real SCs. There are many examples
of SCs with MTO operations located in two different facilities, and where each facility has

a specific role (see e.g., Zhu, 2015, Liu et al. 2007).

e The operations stages are usually of different natures. For instance, they may correspond
to a machining process followed by an assembly process, or to a design/configuration
process followed by a manufacturing process, which is a common situation for the man-
ufacturers of capital goods equipment, mainly producers of machines for making things.
In such cases, it is more realistic to consider a distinct stage for each type of operations

instead of a single aggregated stage.



We model the system as a tandem queue M/M/1— M/M/1. Both stages have a finite
capacity and impact the sojourn time of customers’ orders in the system. The demand arrives
at the downstream stage according to a Poisson process and the mean demand rate linearly
decreases in the offered price and the quoted DT. The service time in each stage is exponentially
distributed. The assumption of exponential service times is suitable for the cases where there is
a high service time variability. Kingsman et al. (1998) argued that there is often a high level of
variability with respect to the processing times. Haskose et al. (2004) also reported that service
times are often unreliable due to the large proportion of time spent in the queues.

We address this problem with two different managerial approaches.

e A global approach. The decision maker chooses a price and a DT to maximize the overall
expected profit while guaranteeing a minimum service level, denoted by s, to customers.
Thus, the probability that the sojourn time in the system is smaller than the quoted DT,
must be greater than s. This constraint is referred to by the global service constraint
as it applies to the whole system. The global service constraint leads to a challenging
model since the sojourn time in a M/M/1— M/M/1 queue follows a hypo-exponential

distribution (whereas it is exponentially distributed for a single M/M/1 queue).

e A local approach. While considering the same objective function of the global model,
each stage is here required (by the decision maker) to quote a local DT while satisfying
locally the service level s. The DT quoted to customers consists of both local DTs. Since
the customers are only interested in the global service level, the global service constraint
must also be satisfied. This strategy can be interesting in practice as it gives a clear
objective (in terms of DT quotation) to each stage. Hence, on the one hand, it is easier to
implement and, on the other hand, it enables to control and assess the local performance

of each stage (facility).

The global model is very hard to solve. We simplify this model and propose a numerical
solving approach. For the local model, we demonstrate that satisfying the local service con-
straints enables to satisfy the global service constraint when (i) the DT quoted to customers is
the sum of local DTs, and (ii) both stages target the same service level than the one imposed
to the whole system. This enables to obtain a simpler formulation of the local model. We
then solve this model and provide the optimal solution analytically. We quantify the profit

loss resulting from using the local model instead of the global model and show that this loss is
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relatively small, especially in the general case where the stages do not have the same capacity.
Thus, the local model can also be used as an approximation of the global model, which is an
interesting result since we solve analytically the local model but the global model cannot be
solved. Then, we conduct sensitivity analyses and derive insights into the impact of market
characteristics and capacities.

Finally, we extend the local model to consider the case where each stage may target a
different service level (s; and s3) and where these service levels are also decision variables to
be optimized. In case of balanced capacity, we solve the model analytically and show that the
optimal profit is very close to the profit obtained with the global model. In case of unbalanced
capacity, we show numerically that considering variable service levels can improve the profit with
comparison to the basic local model (it is recalled that s; = s3 = s in this latter model). We also
study the robustness of our results to the assumption of exponential service times. We simulate
different service time distributions and show numerically that the exponential assumption can
be a good approximation.

In Section 2, we review the relevant literature. We dedicate Section 3 to the study of the
global model. We develop and solve the local model in Section 4. In Section 5, we compare
both formulations and conduct experiments to derive insights. In Section 6, we study the
robustness of our models and investigate some extensions. We finally conclude and give future

work directions.

2 Literature review

The present work is related to the stream of research on DT quotation and pricing in MTO
environments with endogenous demand. In Table 1, we classify the relevant papers according
to three dimensions: (1) The number of stages in the SC, single-stage or two-stage models;
(2) The decision process, centralized (i.e. only one decision maker undertakes all decisions
simultaneously) or decentralized (i.e. different decision makers, each one of them undertakes a
subset of decisions); and (3) The number of stages impacting the sojourn time of customers’

orders in the system and, consequently, affecting the DT quotation.



Table 1. Classification of relevant papers

Single-stage  Two-stage  Centralized Decentralized Number of stages
SC SC decision decision impacting the DT quotation
Palaka et al. (1998) X X 1
So and Song (1998) X X 1
Boyaci and Ray (2003) X X 1
Ray and Jewkes (2004) X X 1
Boyaci and Ray (2006) X X 1
Zhao et al. (2012) X X 1
Albana et al. (2018) X X 1
Pekgiin et al. (2008) X X 1
Pekgiin et al. (2017) X X 1
Liu et al. (2007) X X 1
Zhu (2015) X X 1
Xiao and Qi (2016) X X 1
Our paper X X 2

In a pioneer paper, Palaka et al. (1998) studied the problem of DT quotation, pricing, and
capacity utilization of a profit-maximizing firm modeled as a single-stage M /M/1 queue and
facing a linear price- and DT-sensitive demand. Basically, they investigated two situations with
either a fixed capacity or a fixed price. In both cases, they characterized the optimal solution
with cubic equations. So and Song (1998) investigated a quite similar problem while using a log-
linear demand model (Cobb-Douglas) instead of the linear demand. The framework developed
by Palaka et al. (1998) has been extended by many authors. Boyaci and Ray (2003) considered
a firm selling two substitutable products (a regular product with a given standard DT, and an
express product that is supposed to have a faster DT) in a price- and DT-sensitive market. Each
type of demand is served from a different facility, each facility is modeled as a M /M/1 queue.
This work has been extended by Boyaci and Ray (2006) to incorporate the delivery reliability
(i.e. the service level) as a new decision variable. Ray and Jewkes (2004) incorporated the
economies of scale by assuming that the unit operating cost is decreasing convex with respect
to the mean demand rate and studied a simplified version of Palaka et al.’s model where it is

assumed that the price is not an independent variable but is a linear decreasing function in the



quoted DT. Another interesting extension was proposed by Zhao et al. (2012). The authors
compared the strategy where a firm offers a single DT and price quotation to the strategy when
a firm offers a menu of DT and prices for customers to choose from. Similar to the previous
works, the system is modeled as a M/M/1 queue, and the demand is linear in price and DT.
Recently, Albana et al. (2018) extended the existing works by modeling the unit operating cost,
not as a constant, but as a convex decreasing function in the quoted DT. This assumes that
the operational cost decreases if a longer DT is quoted to customers. The authors studied three
settings: (i) DT is the unique variable, (ii) DT and price are variables with a fixed capacity,
and (iii) DT, price, and capacity are variables.

The papers described above studied a single-stage SC. In what follows, we focus on the
papers that considered a two-stage SC, which is more relevant to our study. Pekgiin et al.
(2008) studied the centralization and decentralization of pricing and DT decisions for a MTO
firm modeled as a M/M/1 queue and facing a linear price- and DT-sensitive demand. Their
centralized model is similar to Palaka et al.’s model but with a constant capacity and without
holding and penalty costs. For the decentralized model, they studied two settings with either
marketing or production as a leader. The production department quotes a DT and the marketing
department quotes a price. The authors observed, for instance, that a higher capacity results
in a greater flexibility and a higher profit for a centralized firm. However, a higher capacity
does not necessarily result in a higher profit for a decentralized firm. The authors also studied
a coordination mechanism where marketing pays a given amount to production for each unit
produced, and both departments receive a bonus payment as the fraction of the total revenue
generated. Pekgiin et al. (2017) extended the previous research by considering two firms that
compete on price and DT decisions in a common market. For each firm, both centralization
and decentralization (with either marketing or production as the leader) were considered. The
authors found that under intense price competition, the firms may suffer from a decentralized
structure. In contrast, under intense DT competition, a decentralized strategy with marketing
as the leader can not only result in significantly higher profits, but also be the equilibrium
strategy.

Liu et al. (2007) studied a decentralized SC with a supplier and a retailer facing a price-
and DT-dependent demand. The supplier’s decisions are the quoted DT (to customers) and the
wholesale price (to the retailer). The retailer’s decision is the final price quoted to customers.

The Stackelberg game was used to analyze the problem of the supplier (as a leader) and the



retailer (as a follower). The authors illustrated some of their results by considering the supplier
as a M /M /1 queue, the retailer plays only a pricing role and does not impact the sojourn time in
the system. Using the performance of the corresponding centralized system as a benchmark, the
authors showed that the decentralized decisions are inefficient and lead to inferior performance
due to the double marginalization effect. Zhu (2015) considered a decentralized SC consisting of
a supplier and a retailer where the supplier (as a leader) determines the capacity and wholesale
price, and the retailer (as a follower) decides the final price and the DT. Similar to Liu et al.
(2007), the demand is linear in the retailer’s price and the quoted DT. The supplier’s facility
was modeled as a M/M/1 queue. The retailer plays an intermediate role and does not impact
the quoted DT. By using the decentralized chain without capacity decision as a benchmark,
the authors demonstrated that the integration of capacity decisions can significantly reduce
the profit loss caused by the double marginalization. Finally, Xiao and Qi (2016) considered
a two-stage SC with one supplier, operating in MTS where it was assumed that stock-out
cannot happen, and one MTO manufacturer, modeled as a M/M/1 queue. Thus, the quoted
DT depends only on the DT of the manufacturer. In the basic model, the supplier chooses
the wholesale price and the manufacturer determines the resale price and the quoted DT. The
authors also studied the case where the manufacturer determines the resale price, the quoted
DT, and the delivery reliability or the capacity, and where demand is a linear function in these
three variables. The authors investigated the coordination of the channel via an all-unit quantity
discount contract under different scenarios and derived some managerial insights, for example,
how the delivery reliability may affect the demand rate and the channel profit, and whether the
all-unit quantity discount scheme can still coordinate the SC.

The literature overview shows that the extant works (either single-stage or two-stage models)
calculate the sojourn time of customers’ orders in the system based on only one operation stage,
so typically model the system as a single M/M/1 queue. This research extends the extant
literature by considering a two-stage centralized SC where both stages perform operations and

impact the DT quoted to customers.

3 Model with global service constraint

We first describe the general modeling framework adopted in this paper and then formulate the

global model.



3.1 Modeling framework

We consider a SC consisting of two MTO operations stages. The demand arrives at the down-
stream stage according to a Poisson process with a mean arrival rate A. The mean demand rate
linearly decreases in the quoted DT and price. We respectively denote by p and [ the selling
price and the DT quoted to customers. Thus, A = a — ap — 58I, where a is the market potential,
and « and S are respectively the price-sensitivity and the DT-sensitivity of demand. Both
upstream and downstream stages have a finite capacity, and their service (processing) times are
exponentially distributed with mean service rates p; and po, respectively. Thus, we model the

system as a tandem queuing network (M /M /1 — M/M/1) as illustrated in Figure 1.

o Customers

Upstream Stage Downstream Stage

g M/M/1 M/M/1

L ___________________________________________ @ Demand Rate
Order (A)

Figure 1. The studied system modeled as a Tandem queue

To prevent the SC from quoting unrealistic and unreliable DT, a service level s (defined by
the firm) must be satisfied. Thus, the probability of serving customers’ demand on time must
not be smaller than s. We respectively denote by w; and wa the sojourn times (waiting time
+ processing time) in the upstream and downstream stages. Hence, the total sojourn time in
the system is w = wy + w9, and the service constraint is thus given by Pr(w; +ws < 1) > s. We

refer to this constraint by the global service constraint (as it applies to the whole SC).

3.2 Model formulation and analysis

In the global model, the firm decides the price and the DT (p and /) to maximize the overall
expected profit while satisfying a global service constraint. We let (GSM) denote the global
service model. The formulation of this model is described below. The profit is calculated in

equation (1) as the difference between the revenue and the cost, where m; and mgy respectively



denote the unit direct variable cost for stage 1 and stage 2. Equation (2) gives the mean demand
rate as a function of price and DT. In a tandem queue M /M /1 — M/M/1, it is known that the

1

sojourn time in each stage is exponentially distributed with mean T and 5 for upstream

1
Hoa—

and downstream stage respectively, and that the total sojourn time in the system (i.e. w =
w1 + wsy) follows the hypo-exponential distribution if p; # po, and follows the Erlang (2, )
distribution if p1; = py = p. Therefore, the global service constraint can be formulated as given

in constraint (3). Constraint (4) guarantees a steady state at each stage and imposes a positive

demand.

(GSM) Ma}lciril(i)ze II(l,p) = (p — m1 — ma2)A (1)
7p_
Subject to A =a—ap — Sl (2)

M= A (=N A —(uy— )1 :
Hz—lhe ' T Hz—lhe ? > s if M1 7& Ho (3)

1— e =M (= Nlem V> s if iy = iy = po

0 <A <minfyu, iy} (4)

Obviously, given the complexity of the service constraint, model (GSM) cannot be solved
analytically. We shall try to simplify the model in order to solve it numerically with an opti-

mization software. We firstly derive the following Lemma.

Lemma 1 The service constraint is binding (for both cases j; # py and p1; = py) and, conse-

quently, we have Pr(wy + we < 1) = s at optimality.

Proof. We prove this result by contradiction. Suppose that we have an optimal solution p* and
I* such that Pr(w; + wy < 1*) > s. The optimal profit in this case is IT*({*, p*). If we decrease
the DT from [* to ' while keeping the price constant until we have Pr(w; +ws < I') = s,
then we will get H’(l,, p*) > II*(I*, p*) because demand has increased. Thus, (l’, p*) is feasible
and gives a higher profit than (I*,p*), which is impossible. The service constraint is therefore

binding. Of course, this result holds for both cases p; # py and p; = py.

1—s— —“216—(#1—>\)l + ﬁl—_Ae—(,uz—A)l if 10y #
We let g(p, l) = PI‘(’(U1+’LU2 < l)—s = Ho—Hq Ho—H1 1 2
1—s—e W — (= N)le Wi g = py =

Since constraint (3) is binding, we must have g(p,l) = 0 at optimality. Clearly, equation

g(p,1) = 0 cannot be solved analytically. Nevertheless, for each fixed price p, we can solve
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equation g,(!) = 0 numerically and get the corresponding values of I. To simplify the problem,

we consider the result of Lemma 2.
Lemma 2 For a given price p, equation g,(1) = 0 has only one positive root.

Proof. On the one hand, it is known that the longer the quoted DT is, the higher the probability
of satisfying the service constraint becomes. Therefore, Pr(w; + w2 <) is increasing in [ and,
consequently, g,(1) is increasing in /. On the other hand, g,(!) is continuous, and one can verify
that %z’_%zgp(l) = —5 <0, and lﬁinoogp(l) = 1— s > 0. Hence, equation g,(I) = 0 has only one
positive root. m

We let lp(p) denote the positive root of equation g,(l) = 0 (obviously, this root depends on
the value of p). Therefore, model (GSM) becomes equivalent to the following single-variable

model.

(GSM) Magig(l)ize (p) = (p — m1 — ma) (a — ap — Blo(p)) (5)
Subject to 0 < a — ap — Blo(p) < min{uy, py} (6)

As we cannot get the closed-form expression of ly(p), no more analytical development can
be made. Nevertheless, given that the problem was simplified and reduced to a single-variable
optimization model and that lyp(p) can be obtained numerically by any optimization software,
we can solve model (GSM) with a numerical approach.

Indeed, we first highlight that we are interested only in the values of p ranging from mj +mso
to & since, otherwise, the profit cannot be positive (price is smaller than cost) or the model
cannot be feasible (negative demand). To solve model (GSM), we proceed as follows. For
each given price p; € [ml + ma, g] , we solve the equation gy, (I) = 0 and obtain the unique
positive root lp(p;). Then, we calculate its associated profit II(p;) according to equation (5).
This procedure enables to draw numerically the curve II(p) as a function of p and to deduce

the optimal solution.

Remark 1 We performed extensive numerical tests and found that the curve I1(p) is concave
for all tested instances. However, we were not able to prove the concavity as we do not have the

explicit expression of ly(p).
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4 Alternative model with local service constraints

In many practical cases, the company targets a global service level, and then each stage (or
facility) is asked to satisfy this same service level. In addition, for many companies, the service
levels have always been viewed as input parameters (sometimes imposed by the market) and
not as decision variables to be optimized. When optimizing the service levels is not a priority, a
natural approach consists in imposing the same service level everywhere. For instance, a global
leader in clinical diagnostics and industrial microbiology operates in MTO the last production
phases of some products that have a limited shelf life; this company targets a service level of
97% at all stages in order to achieve a competitive advantage in a market that is highly sensitive
to lead time issues.

In this section, we develop an alternative formulation of the problem by considering that
each stage is asked to quote a local DT (I3 and Iy for stage 1 and stage 2, respectively) while
satisfying locally the service level s. The whole SC quotes the DT [ = I; + I3 to customers.
Given that the customers are interested only in the global service level, it is important to also
satisfy the global service constraint. The local model, denoted by (LSM), is provided below.
The objective function is given in Eq. (7). The mean demand rate A is given by Eq. (8).
The local service constraints are Pr(w; < [3) > s and Pr(wy < l3) > s for stage 1 and stage
2, respectively. Given that w; and ws follow the exponential distribution, the local service
constraints are given by constraints (9) and (10). Constraint (11) represents the global service
constraint (i.e. Pr(w; +wy < 1) > s with [ = I3 + l3). It is highlighted that we now have
3 independent decision variables l;,l2, and p (instead of 2 independent variables, [ and p, for

model (GSM)).
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(LSM) Maximize II(ly,l3,p) = (p —m1 — ma)A (7)

l1,l2,p>0

Subject to A =a — ap — [l (8)
1—e N > 9)
1—e 2Vl > (10)

= A (=N A o~ (pp =) i
“22_“16 ' + Hzl—lhe 2 e if H 7£ Ha (11)

1— e (=M (= Nlem D> s if iy = iy = po

I=11+13, 0 < X< min{u,ps} (12)
The motivations and challenges of this alternative formulation are discussed below.

e Managerial perspective. In practical SCs, imposing local service constraints helps to give
a clear objective to each stage and, consequently, to efficiently manage and evaluate its
performance. If we just impose a global service constraint, then it is known that the
whole system must satisfy Pr(w; + we < [) > s, but it is not clear which DT must be
quoted by each facility and with which service level. It is therefore more practical to
impose a service constraint to each facility, and then to deduce the total DT that can
be quoted to customers. However, imposing local service constraints will necessarily lead
to a smaller profit for the firm (since we have more constraints). If the amount of profit
loss is significant, then the local model might be useless despite its advantages. It is then
important to evaluate the profit loss resulting from using the local model instead of the

global model. This will be discussed in Section 5.

e Analytical perspective. In a tandem queue M/M/1 — M /M /1, satistying the local service
constraints does not necessarily guarantee the satisfaction of the global service constraint.
In fact, if each stage ¢ quotes DT I; while satisfying the local service level s then this does
not necessarily imply that the SC can quote the DT [ = [; + Iy with the same service
level s. This is why we added the global service constraint to model (LSM) (in addition
to local constraints). This leads to a very hard model. However, if we demonstrate under
realistic conditions that satisfying the local service constraints can lead to satisfying the

global service constraint then we can simplify the model. This result, not known in the
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extant literature, will be the focus of the next subsection.

4.1 From global to local service constraints

The objective of this technical section is to demonstrate how satisfying the local service con-
straints can lead to satisfying the global service constraint when (i) the DT quoted to customers
is the sum of local DTs, and (ii) both stages target the same service level than the one imposed
to the whole system. We verified that this result is not always guaranteed, i.e. it is possible that
the local constraints are satisfied but the global constraint is not. However, our analysis shows
that this result holds when the service level s verifies one condition. In this section, we charac-
terize this condition using function f(s) defined below. This function is obtained analytically
from the characteristics of the sojourn time distributions in a tandem queue M /M /1 — M/M/1
(see the proof of Proposition 1). It is recalled that each of w; and wy follows the exponential
distribution, whereas w = w; + wo follows the Erlang (2, ) distribution for pu; = puy = p, and
the Hypo-exponential distribution for p; # uy. We thus have different expressions of f(s) based

on the values of 11; and .

572(175)111(1%8) if py = o

1% L LA
f(s) = ﬁ I—=(1=5)% | = (1= —=8)" | if py < py , where Vi = pu; — A and Vo =
Ve \%
V(11— ) (1-(1—9)"% ) if gy > s
fo — A

Proposition 1 When f(s) > 0, the following result holds:

If [Pr(wy <11) > s and Pr(wy < lg) > s, then Pr(wy +wy <1y +12) > s.

Proof. It is firstly noted that the problem is symmetric in p; and py. Therefore, when 1y # s
we assume without loss of generality that p; < uy (i.e. Vo > Vi). f(s) has different expressions,
so we start with the case of ;1 = py = i and then focus on the case of py; < pis.

- Case of j1; = pg = p. Suppose that the local constraints are satisfied (i.e. Pr(w; <1[y) > s
and Pr(wy < ls) > s). If we demonstrate the result when the local constraints are binding
(i.e. for Pr(w; < ;) = s and Pr(we < l2) = s), then the result also holds when Pr(w; <
l1) > s and Pr(wy < ly) > s. In what follows, we consider that the local service constraints

are binding (i.e. we have at optimality Pr(w; < ;) = s and Pr(ws < l3) = s). Pr(w; <

In( 15 .. In(—
h) =s& e~ (=Nl :11 —s&el = (;(;1—3\3)) and similarly, Pr(wy < l2) = s & lp = (ff:;))
Hence, 1 = Iy = hzfll_j\s)) = é For the global service constraint, Pr(w; +wy < [) > s &
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n 1
1—e (=M (= N)le= =M > 5. Since | = 21(“(_175) and e~ (#~ N = (1 — )%, it comes that

Pr(w +wy <1) 25 & 1 (1-5) ~ 2In (15 (

S

—_

—5)> — s > 0. Thus, the global service

constraint is satisfied when 1 — (1 — ) — 21n( (1—s)2 —s > 0. Since 1 —s > 0, this

N—

1
1-s
condition is equivalent to f(s) > 0.

- Case of p; < py (i.e. Vo > V7). Similar to the previous case, we suppose that the local

constraints are binding (i.e. e (=M = 1 — s and e~W2=NMl2 = 1 — 5). It is recalled that

In(5)

1 1
Pr(un <h)=s&1l = nu(ll_’;) and Pr(ws <ls) = s < lp = oo - For g < g, Pr(w; +
wWo < l) =1 — ﬂie_(“l_k)l + ﬁ]_—ke_(/’lﬁ_)‘)l‘ Given that 6_(“1_>‘)l = 6_(“1_>‘)l1€_(“1_>‘)l2 e
- “Hz;m Ho—H1 \
2 g
(1—5)(1—s)2> and e~W2=Ml = (1 —5) (1 — s)#1*, it comes that Pr(w; +wy < 1) = 1 —
n1—A Ho—A

fo—A Jj =X Jj . .
e (1—s)(1—s)ra=> + Y (1—s)(1—s)r1—>. Therefore, the global service constraint

— —
Pr(w1+w2§l)25<:>1—S—ﬁ21(1—5)(1—5)% +ﬁ1_—’\(1—s)(1—5)% > 0, which

fia—H fig—H
. A P SN PO .
is equivalent to 1 —-+2=—= (1 — s)r2—> +-E—= (1 — g)r1-* > (. Using the notation V3 = p; — A and

Ho—H71 Ho—Hq

<

A4 Va
Vo = p9—A, it comes that Pr(w+wy <1) > s & 17V2‘12V1 (1—s)" +V2‘fvl (1 —3s)"1 > 0. Given
i 2
that Vo > Vj (since py < p19), this becomes equivalent to Vo—V1—V5 (1 — )2 +V; (1 — s)V1 > 0,

A%h Va
which can be written as f(s) = T‘% <1 —(1- s)V2> - <1 —(1- s)V1> >0. m

Based on the result of Proposition 1, we derive the following Corollary.

Corollary 1 Consider a two-stage supply chain, modeled as a tandem queuwe M /M /1—M /M/1.
The upstream stage quotes a delivery time Iy with a service level s (i.e. Pr(wy <11) > s), and the
downstream stage quotes a delivery time la with the same service level s (i.e. Pr(wa <l3) > s).
There exists so, unique solution of f(s) =0 over [0,1], such that:
If s > sg, then the whole system can quote the delivery time | = 11 + lo with the service level

s (i.e. Pr(wy +we <1) > s).

Proof. - Case of i, = py = p.

In this case, according to Proposition 1, we just need to prove that 3 sy € [0,1] such that,
if s > sp, then f(s) =s—2(1—s)In (1—£S> > 0.

We have % = ﬁ > 0, implying that function f(s) is convex. According to the first
derivative condition, f(s) reaches its minimum in sy, = 1 — e /2. We have f(spmmn) = 1 —
2¢~1/2 < 0. In addition, éz’_r)réf(s) = 0, and éz_r)r%f(s) = 1. Therefore, over [0,1], f(s) decreases
from 0 to 1 — 2e~1/2, and then increases to reach 1. Consequently, equation f(s) = 0 has a

unique solution sy over [0, 1], and we have f(s) > 0 for s > so. To illustrate, we draw f(s) as a

function of s in Figure 2 below (please see the case j1; = pg, which corresponds to Vi = V3).
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- Case of 1y < py (ie. Vo > Vi).
According to Proposition 1, we need to demonstrate that 3 sg € [0, 1] such that, if s > s,

then f(s) = ¥ <1 _ s)%> _ <1 _ &‘I) > 0.

%%
(Vz—v1><v12<1—s> V2 1 V2(1-s)

ey

) > 0 for s € [0,1] (since Vo > Vi). Thus,

A4H 2

f(s) is convex over [0,1[. The first derivative function a’(;(ss) = Vl(l_s)‘\//f (i/z)(l_s) " There-

Pf(s) _
We have =55~ = AT EmE

fore, lirgz+ a’{;ﬁ(:’) = WV;D/"’ < 0, which implies that f(s) is decreasing at the neighborhood
5—

of 0. Furthermore, one can verify that éz’_r)réf(s) = 0, and éz_r)r%f(s) = % —1 > 0. Con-
sequently, over [0,1], f(s) decreases from 0 to reach a negative value, and then increases
to reach the positive value %’ — 1. Consequently, equation f(s) = 0 has a unique solu-
tion sy over [0,1], and we have f(s) > 0 for s > sp. Illustrations are given in Figure 2.
1.00
0.80
0.60

0.40

Vi=V2

f(s)

000 bg iv:':-:”-1-7-"- "+, TT== V1=1 & V2=2

......... Vi=1 & V2=10

-0.20

-0.40

-0.80

Figure 2. f(s) as a function of s in different situations

If gy = py (e ‘—‘% = 1) then s¢ is independent of model’s parameters since, in this case,
sp is the unique solution of equation s — 2(1 — s)In (ﬁ) = 0 over [0,1]. Therefore, we solve
this equation and obtain so = sg(1) = 0.715. However, when p; # po, So is not constant but
depends on the ratio ‘—‘% Given that V4 and V4 are variables (as they depend on \), sy cannot
be determined beforehand but depends on the model’s solution. To overcome this obstacle,
we calculate the highest value of sy over all possible values of ‘—‘% We denote it by si'®*. It is

recalled that % € |0, 400 and that three cases should be distinguished: (i) When V; < V3

(ie. ¥ €1]0,1[), so is the unique solution of 12 1—(1—5)% - 1—(1—5)% = 0 over
7, ) y 20 q Vi -

v
[0,1], (ii) When V; > V5 (i.e. % € ]1,+o0[, so is the unique solution of % <1 —(1- s)Vf) -

16



v
<1 —(1 5)7;> = 0 over [0,1], and (iii) when V; = V4 (i.e. % = 1), so = so(1) = 0.715.

Since s3'** is the highest value of sy over all these possible situations, it is calculated as s5*** =

max So(%)- We draw numerically so(%). Indeed, we vary the value of % with a step of

v
¥ €10,400]

0.01 and calculate its associated so(%) with the MATLAB function "fzero". We find that
s = s(1) = 0.715, as illustrated in Figure 3. Clearly, if s > s{***, then s is greater than any
potential value of sg.

0.720
0.710
0.700
0.690
0.680
0.670
0.660
0.650
0.640

0.630
0 0.5 1 1.5 2 25 3 35 4 4.5 5

vl/VZ

Figure 3. sg as a function of ‘—‘%

The above analysis leads to the following general result.

Corollary 2 If s > 0.715, then satisfying the local service constraints enables to satisfy the
global service constraint, i.e., if we have Pr(wy < 1) > s and Pr(we < l3) > s, then Pr(w;+wg <

l1+12) > s.

It is important to highlight that this result has a wide applicability since the minimum

service level is greater than 0.715 in most practical cases.

4.2 Analytical solving approach

The purpose of this section is to solve model (LSM). We consider s > 0.715. Thanks to the result
obtained in the previous section, it is then possible to simplify model (LSM) by removing the

global service constraint (as it is automatically satisfied). We first derive the following Lemma.

Lemma 3 Both local service constraints are binding and, consequently, we have 1—e~ (=Nl =

s and 1 — e~ W=l = g ot optimality.

Proof. We prove this result by contradiction. Suppose that we have an optimal solution p*,

It and I3 such that 1 — e~ "1=A4 > s or 1 — e~ 2725 > 5. We denote the optimal profit in
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this case by II*. We can decrease the DTs from [} to [}, or from [} to I, while keeping the price
constant until we have a tight service constraint. We denote the new profit by II'. This decrease
in DTs will lead to a smaller quoted DT [' = I} + 15 and, consequently a higher demand. Since
price remains constant, it comes that o> II*, which is impossible. Hence, both local service

constraints are binding.

Based on the result of Lemma 3, we deduce that [; = % and lp = hi\_@ at optimality.

M2
In(l—s) , In(1—s) A
a_ﬁ< TR T )_

Given in addition that A = a — ap — B (1 +l2), it comes that p =

«

Consequently, model (LSM) can be reformulated as a single-variable optimization model (with
A as the unique variable). We write [1,l2, and p as a function of A\ and obtain the objective
function given in Eq. (13). Constraint (14) imposes a positive demand an ensures the stability

condition. Furthermore, to obtain a positive price, we add constraint (15).

In(1—s In(1—s
aiﬁ( A(—H1) + A(—H2)> —A

(LSM) Maxignize II(A) = ( 5 —my —mg)A (13)
Subject to 0 < A < min{p, py} (14)
aﬁ<ln(1s)+ln(1s)>>\20 (15)

A=y A= o

Thus, we need to maximize II(\) while satisfying constraints (14) and (15). According
to constraint (14), we know that A\ € [0, min{u,, ps}[. However, constraint (15) adds more
restrictions on the value of A. To identify the feasible domain of A\, we analyze constraint (15)

and provide the result in Lemma 4.

Lemma 4 FEquation ¥()\) = a—p (hi\(i;f) + hi&;?)—)\ = 0 has only one root in [0, min{ sy, po }| .

We let Amax denote this root. The feasible domain of model (LSM) is given by [0, Amax] -

2
Particular case: if py = py = p, then Amax = atu—/(atp) _;(a“+261n(1_8)).

Proof. We have M\g/\ﬁ = fBln(1—s) ( —1 < 0 (recall that In (1 —s) < 0).

1 1
o )
Hence, W()\) is decreasing in A. Furthermore, ¥(0) = a + Sln (1 — s) (ﬁl + u%) . We assume

that a4 S1n (1 — s) (ﬁl + i) > 0 since, otherwise, U(\) cannot be positive and, consequently,

constraint (15) cannot be satisfied. In real situations, the market potential is generally large

enough to have this condition satisfied.
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Furthermore, lim  W(X) = —oo. Thus, over [0, min{p, s}, U(A) decreases monoto-
A—min{py o}

nously from a positive value to —oo. Therefore, U(\) has only one root Apax in [0, min{uq, g},
and we have U(\) > 0 for A € [0, Amax] -
If p; = py = p, then ¥(A) = q — 2009\ Thys, TN =0 X —(a+p+ap+

A—p
2
2f81In (1 —s) = 0. This equation has two roots: Ao = atp—y/(ati) _;(a“+261n(1_5)) and \g2 =

a+“+\/(a+“)2_24(a“+2’8ln(l_s)), and we have W()\) > 0 before \g; and after Ao 2. Given that a +

Bn(1—s) (% + ﬁ) > 0, it comes by standard calculus that a+p > \/(a +1)? —4(ap+28In(1 - s)).

Consequently, both of \g; and Ag 2 are positive. We know that there is only one root Apax in

atp— w(aw)z—;(aww In(1-s))

[0, min{ul, ;LQ}[ . Hence, )\max = min{)\OJ, )\072} = )\071 = .|

Based on the result of Lemma 4, we obtain the following simplified equivalent formulation

of model (LSM).

(LSM) Maxi&nize II(A) = ( A 5 A —my —m2)A (16)

aiﬁ(ln(l s) Jr1n(1 s)) )

Subject to 0 < A < A\pax (17)

Note that in the general case (i.e. for p; # uy.), we cannot get the closed-form expression of
hl 1—s) n(l s) In(1—s) ln(l s)
41 = iz = p, then Q) = é ( “”Bln(l 75) — @A —a+(m+mg)a) (A*H)2> . We denote

Amax- Welet Q() = 2T _

by Ao a root of equation (A) = 0 in [0, Amax] (if this root exists). We provide in the following

Proposition an analytical approach to solve model (LSM) to optimality.
Proposition 2 If equation Q(X) =0 has a root in [0, Amax] , then this root is unique.

o [f this root exists, then the optimal demand rate \* = Ag; otherwise the problem is not

relevant since the profit cannot be positive.

In(1—s)
Ao—Hq

In(1-s)

Ao—pg

o Optimal lead times: 1] = and l5 =

1 1
a=81n(1-s) (sgt +agtig ) o
- :

e Optimal price: p* =

Proof. After simplification, we have PUN) _ 26n(1-s) (—( b o )

o A—H1)3 (>\—Mz)3

% o — % We remind
the reader that we consider the values of A such that 0 < X\ < Apax < min{pq, s}, which implies

that (A — 4;)® < 0 and (A — py)® < 0. Given, in addition, that In (1 — s) < 0, we conclude that

O2II(\)
ON2

< 0. Thus, II()) is strictly concave over [0, Apax] -
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Given this strict concavity, we deduce that equation 2(A) = 0 has at maximum only one root
in [0, Apax) . If Q(A) = 0 has a root in [0, Apax], then this root represents the optimal demand
rate A*. Otherwise, the optimal demand is equal to either 0 or Apax (since II(\) is concave),

which cannot yield a strictly positive profit. m

5 Experiments and insights

Model (LSM) gives the DT to be quoted at each stage and enables to efficiently manage and
evaluate the performance of each facility. From this managerial perspective, it might be preferred
to model (GSM) in practice. However, the interest of model (LSM) could be questionable if
this model leads to a significant profit loss with comparison to (GSM). In this section, we first
evaluate the profit gap between (LSM) and (GSM). Then, we perform sensitivity analyses to
derive insights from the models.

To solve model (LSM), we use the analytical approach of Proposition 2, which provides the
optimal solution. As for model (GSM ), we use the numerical approach presented at the end of

Section 3.

5.1 Profit gap between models (LSM) and (GSM)

We conduct extensive numerical experiments to quantify the profit gap between models (LSM)
and (GSM). We consider three different service levels: s = 95%, 97% and 99%. For each s,
we generate a large number of test cases, 30720 cases for p; = py and 6912 cases for pu; # o

as described in Table 2. Therefore, the total number of cases is equal to 92160 and 20736 for

Wy = o and pq # pe, respectively.

Table 2. Test cases

Parameter Test values for p; = gy Test values for pu; # o

a 50, 60, 70, 80, 90, 100 50, 60, 70
a 1,2,3,4,5,6,7,8 1,2,3,4
3 1,2,3,4,5,6,7,8 1,2,3,4
mi 1,2, 3,4 1,2,3,4
ma 1,2, 3,4 1,2,3,4
11 10, 20, 30, 40, 50 10, 20, 30
o Po = b 10, 20, 30
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For each instance, we calculate the gap between the optimal profit of model (LSM) and
100 (chswf)_HfLSM))

the one resulting from model (GSM), GapLsa/(asm) = . The results are

Wasm)
presented in Table 3.

Table 3. Comparison between models (LSM) and (GSM)

S Profit gap for p1; = py  Profit gap for p; # o
Mean (%) 2.58 1.68

95%  Standard deviation 4.25 1.02
Confidence interval (95%) (2.52, 2.65) (1.64,1.72)
Mean (%) 3.43 2.13

97% Standard deviation 5.12 1.36
Confidence interval (95%)  (3.36, 3.50) (2.08,2.18)
Mean (%) 4.92 3.06

99%  Standard deviation 6.57 1.91
Confidence interval (95%) (484, 5.01) (2.99,3.12)

It is firstly reminded that the profit given by model (GSM) is the highest possible profit.
Observing Table 3, it can be concluded from a mathematical point of view that model (LSM) is
a good approximation of model (GSM) with a relatively acceptable mismatch, especially when
1y # o We observe that the gap relative to the case of 1; = iy is higher than the one obtained
for py; # o, but is still acceptable. Furthermore, Table 3 shows that the higher the service
level is, the greater the profit gap becomes. Nevertheless, this gap is still acceptable even for
s = 99% (around 3% for p, # py and less than 5% for pu; = po).

To better understand the impact of the service level on the profit gap, we vary the value
of s and study the profit gap between models (LSM) and (GSM). We consider the following
numerical example: a = 50, = 4, § = 4, m; = 2, and mo = 3.We respectively illustrate
the results in Figures 4 and 5 for the cases (1 = py = 20) and (p; = 30 and py = 15). We
respectively restrict our analysis to the values of s greater than 0.715 and 0.667. Indeed, for the
cases [1; = iy and p; > 9, the condition of Proposition 1 (i.e. f(s) > 0) is verified only for s

> 0.715 and s > 0.667, respectively.

21



53,00 51,00
= %= Model (LSM) = %= Model (LSM)

Lol 8 Mode! (GSM)

=== Mode| (GSM)

49,00 47,00 +
= 47,00 -3 + |
5 [T ) \‘:\ 5 ol
a 4500 = a
> i \ 5 4300 1
E 4300 1 N g
a N 2 41,00 1
O 4100 A0
39,00 L. i \\
37,00 37,00 +
35,00 T 1 T 1 T : T 1 3500 +— ‘ ; ; : ;
0715 0755 0795 0835 0875 0915 0955 0995 0,667 0,671 0,675 0,715 0,755 0,795 0,835 0,875 0,915 0,955 0,995
minimum service levels minimum service level s
Figure 4. Effect of s = Figure 5. Effect of s >
1 2 1 2

These experiments illustrate our analytical results. In fact, for the value of s verifying
f(s) =0 (i.e. for s =0.715 and s = 0.667 in Figures 4 and 5, respectively), models (LSM) and
(GSM) are equivalent. Then, an increase in the value of s leads to an increase in f(s) (we refer
the reader to Section 4.1 and to Figure 2 for illustration). This implies an increase in the gap

between models (LSM) and (GSM) as we can see in Figures 4 and 5.

5.2 Insights from the models

We now study the effect of market characteristics and capacities on optimal decisions and profits.
We consider the following basic numerical example, inspired from that used by Pekgiin et al.
(2008): a =50, « =4, =4, s =0.95, m; =2, and me = 3. In case of p; = gy = u, we
consider p = 20. In case of p; # uq, we focus without lost of generality on the case of p; > s

(since the problem is symmetric) and consider p; = 30 and u, = 15.

5.2.1 Effect of DT-sensitivity

We vary the DT-sensitivity 8 from 1 to 8 and report the results in Tables 4 and 5 for pu; = o
and p; > po, respectively. This range of variation covers most situations since we start with
the case where customers are almost insensitive to DT (5 = 1 means that price-sensitivity
is 4 times higher than DT-sensitivity) and finally consider the case where customers are very
sensitive to DT (8 = 8 means that DT-sensitivity is 2 times higher than price-sensitivity). It is
noted that IIf,¢,, refers to the best profit obtained for model (GSM), whereas II7 ¢, represents
the optimal profit of model (LSM). The real service level realized by the SC is referred to by

s.real. Obviously, s.real is greater than or equal to s.
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Table 4. Effect of DT-sensitivity (1;= po= 20)

B | Model (GSM) Model (LSM)

* p* AT gy | soreal | 13 13 * p* AT I} gps | s-Teal
11076 | 888 | 13.78 | 53.25 95% 0.46 | 0.46 | 0.93 | 8.88 | 13.56 | 52.58 98.25%
2 | 0.68 | 890 | 13.04 | 50.85 95% 0.41 | 041 | 0.82 | 8.90 | 12.73 | 49.72 98.25%
31063 | 891 | 12.48 | 48.76 95% 0.38 | 0.38 | 0.76 | 890 | 12.11 | 47.27 98.25%
4 | 0.59 | 8.90 | 12.02 | 46.88 95% 0.36 | 0.36 | 0.71 | 8.89 | 11.60 | 45.09 98.25%
5 | 0.57 | 8.89 | 11.62 | 45.17 95% 0.34 | 0.34 | 0.68 | 8.86 | 11.16 | 43.11 98.25%
6 | 0.54 | 887 | 11.27 | 43.59 95% 0.32 ] 0.32 | 0.65 | 8.83 | 10.78 | 41.29 98.25%
71052 | 885 10.95 | 42.11 95% 0.31 ] 0.31 | 0.63 | 8.80 | 10.43 | 39.60 98.25%
8 | 0.51 | 8.82 | 10.66 | 40.71 95% 0.30 | 0.30 | 0.61 | 8.76 | 10.11 | 38.02 98.25%
Table 5. Effect of DT-sensitivity (p;= 30 and py= 15)

B | Model (GSM) Model (LSM)

* p* AT gy | soreal | 1 13 * p* AT I} g5 | s-real
1] 1.12] 9.18 | 12.16 | 50.84 95% 0.17 | 1.04 | 1.21 | 9.16 | 12.13 | 50.52 96.32%
2 1090 | 920 | 11.42 | 47.93 95% 0.16 | 0.82 | 0.98 | 9.17 | 11.36 | 47.35 96.54%
31079 1 9.19 | 10.89 | 45.59 95% 0.16 | 0.71 | 0.87 | 9.15 | 10.81 | 44.80 96.68%
4 10.72 | 9.16 | 10.47 | 43.59 95% 0.15 ] 0.65 | 0.80 | 9.11 | 10.36 | 42.60 96.77%
5 | 0.67 | 9.13 | 10.11 | 41.80 95% 0.15 ] 0.60 | 0.75 | 9.07 | 9.98 | 40.64 96.85%
6 | 0.63 ] 9.10 | 9.80 | 40.18 95% 0.15 ] 0.56 | 0.71 | 9.03 | 9.65 | 38.86 96.92%
7 10.60 | 9.06 | 9.52 | 38.69 95% 0.15 ] 0.53 | 0.67 | 898 | 9.34 | 37.22 96.97%
8 1058 | 9.03]9.26 | 37.30 95% 0.14 | 0.51 | 0.65 | 894 | 9.07 | 35.70 97.02%

As expected, we observe in both models that the higher the sensitivity of customers to DT

is, the shorter the quoted DT (I*) becomes. It is also interesting to note that the optimal price

is a non-monotonous concave function in DT-sensitivity. Indeed, below a given threshold value,

an increase in (§ leads to an increase in price in both models. Then, above this value, when the

customers become more sensitive to DT, both models react by decreasing the price. Indeed,

decreasing the price generates more demand and thus offsets the decrease of demand caused by

the increase of DT-sensitivity.

We observe that the total DT (i.e. [*) quoted by model (GSM) is always slightly shorter than

that of model (LSM), and that the price of model (GSM) is always slightly higher than that of
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model (LSM). Indeed, in model (GSM), the system may satisfy the global service constraint
without satisfying the local constraints, which means that model (GSM) has a relatively higher
flexibility. This enables model (GSM) to quote a shorter DT and consequently, to offer a higher
price.

For model (LSM), we have I} = li\lél__li) and [5 = 1;1(51_;52) (see Proposition 2). Therefore, for

[ty = [g, We obtain [T = I3, and for j; # p,, the stage with a higher capacity always quotes a
shorter DT than the stage with a lower capacity. This is confirmed by the results of Tables 4
and 5.

We observe that the realized service level obtained with model (LSM) is higher than s. We
provide hereafter a qualitative explanation. Indeed, it has been demonstrated that when stage
1 and stage 2 respectively guarantee the DTs [; and [ with the service level s, then the whole
SC can guarantee the DT [ = I; + [, with the same s. However, | = [; + 1[5 is not the shortest DT
that can be guaranteed by the SC in this case. Thus, the DT quoted by model (LSM) is longer
than the shortest possible DT. This explains why s.real is greater than s for model (LSM). It
is easy to figure out that the smaller the gap between s and s.real for model (LSM) is, the
smaller the gap between the solution of model (LSM) and that of model (GSM) becomes. Our
results illustrate this remark.

When p; = o, it is also important to note that s.real for model (LSM) is always equal
to 98.25% whatever the value of 3 is. This result can be proven analytically. In fact, in case
of ; = py = p, the realized service level is given by 1 — e~ =N — (1 — N\)le= =N where
[ = l1 + 1z and we have at optimality I; = l» = é Given that we considered local service
constraints in model (LSM) and that these constraints are tight at optimality (see Lemma 3),
we have e~ (# V3 = 1— s, which implies that e~ (! = (1 — s)* and (u—A)l = —In ((1 - s)2>.
Thus, it comes that s.real is equal to 1— (1 — s)* + (1 — s)*In ((1 - s)2> . Consequently, in case
of 11y = py, the realized service level for model (LSM) depends only on s. For s = 95%, one can
verify that s.real = 98.25% as we have obtained in Table 4. In model (GSM), the global service
constraint is always binding (see Lemma 1), which explains why we get s.real = s = 95% in

both tables.

5.2.2 Effect of price-sensitivity

We vary the price-sensitivity « and report the results in Tables 6 and 7 for p; = g and p; > po,

respectively.
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Table 6. Effect of price-sensitivity (p;= po= 20)

a | Model (GSM) Model (LSM)

* p* A* gy | soreal | 13 13 * p* A* I} g5 | s-Teal
1] 0.94 | 31.24 | 14.98 | 393.08 | 95% 0.55 | 0.55 | 1.09 | 31.11 | 14.52 | 379.07 | 98.25%
2 | 0.83 | 16.22 | 14.25 | 159.96 | 95% 0.48 | 0.48 | 0.96 | 16.18 | 13.79 | 154.11 | 98.25%
3 1071 11.30 | 13.29 | 83.65 95% 042 | 042 | 0.84 | 11.27 | 12.83 | 80.52 98.25%
4 1059|890 | 12.02 | 46.88 95% 0.36 | 0.36 | 0.71 | 8.89 | 11.60 | 45.09 98.25%
5 | 050 | 7.52 | 10.43 | 26.26 95% 0.30 | 0.30 | 0.60 | 7.50 | 10.07 | 25.21 98.25%
6 | 041 | 6.63 | 855 | 13.96 95% 0.26 | 0.26 | 0.51 | 6.62 | 8.26 | 13.35 98.25%
7 10351 6.02 | 6.46 6.59 95% 022 | 022|044 | 6.00 | 6.24 | 6.26 98.25%
8 [ 030 | 5.57 | 4.24 | 241 95% 019 1 0.19 | 0.38 | 556 | 4.06 | 2.25 98.25%
Table 7. Effect of price-sensitivity (14;= 30 and po= 15)
a | Model (GSM) Model (LSM)

r|p* A Gsa | sreal | 1f 0 r | p A Tsum | s-real
1 | 1.07 | 33.66 | 12.05 | 345.17 | 95% 0.17 | 1.00 | 1.16 | 33.35 | 12.00 | 340.08 | 96.36%
2 1096 | 17.23 | 11.68 | 142.90 | 95% 0.16 | 0.89 | 1.05 | 17.10 | 11.62 | 140.50 | 96.47%
31084 | 11.81 | 11.18 | 76.19 95% 0.16 | 0.77 | 0.93 | 11.73 | 11.10 | 74.72 96.61%
410721 9.16 | 10.47 | 43.59 95% 0.15 | 0.65 | 0.80 | 9.11 | 10.36 | 42.60 96.77%
5 060|763 | 945 | 24.88 95% 0.14 | 0.53 | 0.67 | 7.60 | 9.31 | 24.22 96.98%
6 | 048 | 6.67 | 8.02 | 13.43 95% 0.14 | 042 | 0.56 | 6.65 | 7.87 | 13.00 97.19%
71039603 | 622 | 640 95% 0131 034|046 | 6.01 | 6.06 | 6.15 97.39%
8 | 033 | 5.57 | 413 | 2.36 95% 0.12 |1 0.27 |1 0.39 | 5.56 | 3.99 | 2.22 97.56%

As expected, an increase in price-sensitivity leads to a decrease in the offered price for both

models. It is also interesting to see that both models react to an increase in a by quoting a

shorter DT. Indeed, this aims to offset the decrease of demand (caused by the increase of «)

and consequently, to keep a profitable amount of demand. Similar to the previous observations

(see Tables 4 and 5), we see that the price quoted by model (GSM) is always slightly higher

than that of model (LSM), and that the total DT quoted by model (GSM) is always slightly

shorter than that of model (LSM).
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5.2.3 Effect of capacity

Finally, we vary the capacity p; of upstream stage (with p, fixed to 20) and report the results
in Table 8. It is recalled that the problem is symmetric in p; and ps, so the same results are

obtained if we fix p; and vary p,.

Table 8. Effect of capacity (uy = 20)

iy | Model (GSM) Model (LSM)

* p* AT gy | soreal | 1 I3 * p*o AT I} g5 | s-real

10 | 1.18 | 9.50 | 7.27 | 32.69 95% 1.04 | 0.23 | 1.27 | 945 | 7.11 | 31.66 96.71

20 | 0.59 | 890 | 12.02 | 46.88 95% 0.36 | 0.36 | 0.71 | 8.89 | 11.60 | 45.09 98.25

30 | 0.47 | 890 | 12.50 | 48.77 95% 0.17 1 0.39 | 0.56 | 8.85 | 12.37 | 47.56 97.59

40 | 0.45 | 8.90 | 12.61 | 49.17 95% 0.11 | 0.40 | 0.51 | 8.86 | 12.53 | 48.33 96.96

50 | 0.44 | 890 | 12.65 | 49.34 95% 0.08 | 0.40 | 0.48 | 8.87 | 12.60 | 48.70 96.55

60 | 0.43 | 890 | 12.67 | 49.42 95% 0.06 | 0.41 | 0.47 | 8.87 | 12.63 | 48.91 96.28

70 | 0.43 | 890 | 12.69 | 49.48 95% 0.05 | 0.41 | 0.46 | 8.88 | 12.65 | 49.05 96.09

80 | 0.43 | 890 | 12.70 | 49.52 95% 0.04 | 0.41 | 0.45 | 8.88 | 12.67 | 49.15 95.95

As expected, an increase in the capacity of one stage enables the SC to quote a shorter DT
and consequently, to generate more demand and to increase profit. However, it is important
to note that after a threshold value, increasing the capacity has no longer a significant effect
neither on DT quotation nor on profit. In Figure 6, we illustrate the variation of optimal profits
as a function of p;. We observe that the profits increase but with an asymptotic behavior.
Furthermore, it is noted that the highest profit gap between models (LSM) and (GSM) is
obtained when the capacities of upstream and downstream stages are more or less the same,

which is in line with our previous numerical results.
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Figure 6. Effect of capacity on optimal profits
For model (LSM), it is important to note that an increase in the capacity of one stage leads
to a shorter quoted DT for this stage but to a longer DT for the other stage. In Figure 7, we
draw the optimal DTs as a function of ;. If we increase p;, we see that /] decreases whereas
5 increases. Indeed, as the first stage quotes a shorter DT, the customers’ demand increases
and consequently the second stage, which has a fixed capacity, needs to quote a longer DT to
satisfy its local service constraint.
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Figure 7. Effect of capacity on DT quotation

6 Model extensions and robustness

In this section, we first extend the local model to consider the case where each stage may target
a different service level (s; and s2) and where these service levels are also decision variables to
be optimized. Then, we investigate whether the assumption of an exponential service time is
a reliable approximation. Indeed, we simulate different service time distributions and compare

the obtained profits.
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6.1 Variable service levels

In model (LSM), we have considered that both stages target the same service level than the one
imposed to the whole SC. We now generalize model (LSM) by considering that each stage may
target a different service level and that these service levels are also decision variables. Thus, the
firm’s problem is to determine the DT and the service level at each stage as well as the price of
the product in order to maximize the overall expected profit. We let s; and sy denote the service
levels in upstream and downstream stages, respectively. The new model with variable service
levels is denoted by (V.SM). We have demonstrated that when the local service constraints
are satisfied then, under realistic conditions, the global service constraint is also satisfied if the
same service level s is targeted by each stage and by the whole system. This allowed to remove
the global service constraint from model (LSM). For model (V.SM), however, each stage may
target a different service level (s; and s2). In this case, we cannot guarantee that the whole
system can satisfy the global service constraint with service level s. Hence, the global service
constraint cannot be removed from model (V. SM). The formulation of model (V.SM) is given

below.

(VSM) Maximize I1(ly, 2, s1, 82,p) = (p — m1 — ma)A (18)
Subject to A=a—ap— B (l1 +12) (19)

1—e m=Nh > g (20)

1—e (Ve > g (21)

X (- A (g .

_ %72—#16 (=) + %&72—#16 (12 =)t > s if H1 # Ho (22)
1— e (=M (= Nlem V> s if iy = iy = po

0 < A <min{suy, o} (23)

=11 +1,l1 20,10 >0, s1 € [0, 1[,52 S [0,1[,]9 >0 (24)

In case of p; = py, we determine analytically the optimal solution and then compare model
(VSM) to models (LSM) and (GSM). When p; # iy, we solve model (V' SM) numerically.
In this case, our main goal is to assess the quality of the solution that has been obtained with

model (LSM).
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6.1.1 Case of p; = iy

We first consider the case p; = puy = p and derive the following result.

Proposition 3 For model (VSM) with j11 = pi9 = pt, we have at optimality s; = s5 = r, where
7 is the unique root over [0,1] of equation 1 — (1 — )2 +2(1 —2)?In(1 —x) — s = 0. In addition,

or st = s& =1, the global service constraint is automatically satisfied.
1 2

Proof. 1t is firstly noted that the local service constraints are binding and consequently, we
have at optimality 1 — e~ (=Nl — s1 and 1 — e~ (=Nl — so. In addition, the problem is
symmetric, so it can be demonstrated that there is an optimal solution such that s; = so. We

let x = s; = s9. It comes that ] = lp = —12(_1/\—1)’ implying that [ = % The global

service constraint is therefore equivalent to 1 — (1 — 2)? +2(1 — 2)?In(1 — z) — s > 0. We let
hz)=1—(1-2)2+2(1—2)%In(1—2)—s. h'(z) = —4(1 —z) In(1 — z), implying that k' (z) > 0
over [0,1]. Given that iz_r)r(z) h(z) = —s < 0 and iz_)rr%h(sc) =1—s > 0, the equation h(z) = 0
admits a unique solution over [0,1]. We denote it by r. Thus, the global service constraint is
equivalent to x > r. Since there is not any interest in increasing the local service levels, we have
at optimality s} = s5 = 7.

Using the result of the previous Proposition, we can replace s; and so with their optimal
value r and remove the global service constraint from model (V. SM). Consequently, in case
of p; = py, model (V.SM) becomes equivalent to model (LSM) if we replace s with r in this
latter model. Therefore, we use the analytical approach developed earlier for model (LSM) to
solve model (V' SM) to optimality.

We then conduct extensive numerical experiments to assess the quality of the solution of
model (VSM) with comparison to the ones obtained for models (LSM) and (GSM). To
perform the experiments, we use the 30720 test cases generated according to Table 2 for each

given service level. For each instance, we calculate the following profit gaps:

100 (vaswf)_HfLszvf))

e Gap between model (LSM) and model (V.SM), given by Gap v sar)/(Lsm) =

My san

100x (HfGSM)_HfVSM))

e Gap between model (V.SM) and model (GSM), given by Gapgsnr) /(v sm) =

s

We consider three values of s and provide the results in Table 9.
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Table 9. Quality of the solution obtained for model (V.SM)

Profit gaps s =10.95 s =0.97 s =10.99
Mean 2.45 2.94 4.31

Conf. Interval (95%) [2.39,2.51] [2.88,3.00] [4.23,4.39]

Mean 0.15 0.55 0.71

Gap(GSM)/(VSM) Std. Deviation 0.29 0.99 1.85

Conf. Interval (95%) [0.145,0.154] [0.54,0.57] [0.69,0.72]

We roughly deduce that most values of Gapsary /(Lsm) are between 2.39% and 4.39%.
In case of s = 95%, the mean gap is 2.45% and most values are between 2.39% and 2.51%.
Therefore, model (V.SM) slightly outperforms model (LSM) when p; = py. This gain is due
to imposing a lower local service level (r instead of s), which enables model (V.SM) to quote a
shorter DT and consequently to generate a higher demand and to increase profit.

As for Gapgsy/(vsmr), most values are between 0.14% and 0.72% and they are even com-
prised between 0.145% and 0.154% for s = 95%. Hence, the optimal profit obtained with model
(VSM) is very close to that of model (GSM), which is the highest profit that can be achieved
by the firm. It is important to note that model (V.SM) cannot achieve the optimal profit of
model (GSM) in the general case. The reason is that model (V' .SM) has local service constraints
and assumes that the overall DT quoted to customers is equal to the sum of local DT's while
these constraints are not considered in model (GSM). Thus, the optimal solution of model
(GSM) may be infeasible for model (V.SM) which implies that model (GSM) generally leads
to a higher profit than that of model (V.SM).

In case of p; = py, model (VSM) presents many advantages. First, it can be solved an-
alytically to optimality. Second, it can be easily implemented in practice and has managerial
advantages (as explained earlier). Third, it yields a high profit that is very close to the one
obtained with model (GSM). Consequently, model (V.SM) can be considered as the best alter-

native in case of (1; = py.

6.1.2 Case of u; # o

Now, we focus on the case of p; # . Since it is not possible to obtain an analytical solution,

our main objective here is to assess the quality of the solution obtained with model (LSM). In
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other words, we aim to quantify the loss resulting from imposing s; = s = s. To solve model
(VSM), we use a numerical approach based on an iterative procedure. Indeed, we firstly ignore
the global constraint and test, for a given s, different combinations of s; and sy starting from
0.90 until s with a step of 0.01 (e.g., s; = 0.90 and so = 0.91, s; = 0.90 and sy = 0.92,...,
s1 = 0.94 and s9 = 0.92, etc.). More precisely, for each combination we solve the resulting
model with Matlab and obtain in particular I; and ly. Then, we verify for each combination
whether the global constraint (with [ = [ +12) is satisfied. The combinations that do not satisfy
the global constraint are rejected, and we select the combination that yields the highest profit

while satisfying the global constraint. It is recalled that the profit gap between models (V. SM)

100 (vaswf)_HfLSM))
Iy san

and (LSM) is given by Gapvsw)/(Lsm) = . For each given service level s
(s =0.95, 0.97 and 0.99), we generate 6912 test cases according to the procedure described in

Table 2. The comparison results are reported in Table 10.

Table 10. Comparison between models (V.SM) and (LSM) when 1, # pi,

Profit gap s =10.95 s =0.97 s =10.99
Mean 1.57 2.01 2.76
Gap(VSM)/(LSM) Std. Deviation 1.00 1.36 1.93

Conf. Interval (95%) [1.53,1.61] [1.96,2.06] [2.69,2.83]

As expected, model (V. SM) dominates model (LSM) in terms of profit. However, in most
cases, the gap is between 1.53% and 2.83%. In addition, in the industrial sectors where s is
not very high, the gap can even be smaller than 2% as indicated in Table 10. This confirms
the interest of model (LSM) since this model is tractable, can be easily implemented, presents
managerial advantages, and does not lead to a significant loss with comparison to (GSM) and

(VSM).

6.2 Other service times distributions

Our models assume an exponential service time at each stage which is of course an approxima-
tion. As this assumption enables to develop tractable models, it has been widely adopted in
the literature, in general, and in the vast majority of papers on DT quotation, in particular.
The random aspect of service times is of course realistic in several situations. In addition,
many authors argued that there is often a high level of variability with respect to service times

(e.g., Kingsman et al. 1998, Haskose et al. 2004). In these cases, the exponential distribution
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might be relevant because it has a high coefficient of variation. Nevertheless, when there is a
small service time variability, the assumption of an exponential service time is often pessimistic.
With comparison to the exponential distribution, the consideration of another service time dis-
tribution that has a smaller variance is expected to yield a shorter quoted DT (for the same
service level) which consequently generates a higher demand and more profit. In this section,
we assess the amount of demand loss (and, consequently, profit loss) caused by the exponential
assumption.

Thus, we compare the profit of model (GSM) with exponential distribution (coefficient of
variation equal to 1) to the profits obtained when we change the variability of the service time
distribution but without changing the mean service time. We test the Erlang-2 distribution
(coefficient of variation equal to %) and the extreme case of a deterministic distribution. We

proceed as follows:

e We solve model (GSM) for the basic numerical example (a = 50, « =4, f =4, my = 2,
mg = 3, and s = 95%) with pu; = py = 20 and py = 60 and p, = 30, and get the associated

profits.

e We then simulate the system, first with the Erlang-2 and then with the deterministic
distribution, in order to find the new mean demand rate A that satisfies the service level

s = 95% (the price being fixed to its value obtained with model (GSM)).

e The new mean demand rate, of course higher than the one obtained with the exponential

distribution (i.e. for model (GSM)), is used to calculate the new profit.

We report the results in Table 11.

Table 11. Robustness to exponential assumption

Wy = o =20 | puy =60 and py = 30

A Profit | A Profit

Exponential 12.02 | 46.88 | 10.47 | 43.59

Erlang-2 12.52 | 48.83 | 10.93 | 45.50

Deterministic | 13.28 | 51.80 | 11.47 | 47.75

We observe in the balanced case that the exponential assumption leads to a loss of demand
of 4.0% compared to the Erlang-2 distribution and 9.5% compared to the deterministic case,

and therefore a profit loss of respectively 4.0% and 9.5%. For the unbalanced case, the values
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of the different gaps (for both demand and profit) become 4.2% with the Erlang-2 distribution
and 8.7% with the deterministic distribution.

The results obtained with the exponential distribution are of course pessimistic but remain
interesting with errors of less than 10% on the demands and profits even in the deterministic
case which is obviously very far from the exponential case. With comparison to the Erlang-2,
the gaps are even less than 5%. These results demonstrate in our opinion the interest of our
models even if it would be interesting to investigate other cases with other types of variabilities

that may be very different from the exponential distribution.

7 Conclusion

We considered the problem of DT quotation and pricing in a two-stage MTO supply chain
modeled as a tandem queue M/M/1 — M/M/1 and facing a DT- and price-sensitive demand.
We addressed this problem with two different managerial approaches. In the first approach
(global model), a pair of price and DT are quoted to customers to maximize the expected
overall profit while satisfying a global service level. In the second approach (local model), a DT
is quoted at each stage while satisfying a local service level, and the DT quoted to customers,
calculated as the sum of local DTs, must satisfy the global service level. When both stages
target the same service level than the one imposed to the whole system, we demonstrated
under realistic conditions that satisfying the local service constraints enables to satisfy the
global service constraint. Based on this result, we simplified the local model and solved it to
optimality with an analytical approach.

The local model presents several managerial and mathematical advantages but leads to a
smaller profit with comparison to the global model. We quantified this profit loss and showed
that it is relatively small, especially when the stages do not have the same capacity or when
the service level is not too high. Thus, we deduced that the local model can also be used as
an approximation of the global model, which is interesting since the local model was solved
analytically. Then, we conducted sensitivity analyses with both models and derived insights.
As expected, we found that an increase in DT-sensitivity (respectively, price-sensitivity) leads
to quoting a shorter DT (respectively, offering a lower price). Less expected are the facts that
the optimal price is a non-monotonous concave function in DT-sensitivity and that both models

react to an increase in price-sensitivity by quoting a shorter DT. We also found that the total
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DT quoted by the global model is always slightly shorter than that of the local model, and
that the price of the global model is always slightly higher than that of the local model. It was
also interesting to investigate the effect of capacities since our work is the first to consider two
operations stages impacting the DT quotation with finite capacities in both stages. We showed
that an increase in the capacity of one stage leads to a shorter quoted DT for this stage but
a longer DT for the other stage and, consequently, does not necessarily lead to a shorter DT
quoted to the customers. Beyond a threshold value, increasing the capacity has no longer a
significant effect neither on DT quotation nor on the overall profit.

Finally, we extended the local model to consider the case where each stage may target a
different local service level and where these service levels are also decision variables. In case
of balanced capacity, we solved the model analytically and showed that its resulting optimal
profit is very close to the one obtained with the global model. In case of unbalanced capac-
ity, we showed numerically that considering different service levels slightly improves the profit
of the local model. We also studied the robustness of our results to the assumption of expo-
nential service times and showed numerically that the exponential assumption can be a good
approximation.

This research studied a centralized setting with only one decision maker for the two stages.
Thus, a natural extension would be to investigate the decentralized setting where each actor
optimizes his own profit. Extending the model to more than two stages can also be the focus
of future works but is expected to be a very hard problem, especially in case of different service
levels between the stages. In this case, a solving approach based on metaheuristics could be

used.

References

Albana, A.S., Frein, Y., Hammami, R., 2018. Effect of a lead time-dependent cost on
lead time quotation, pricing, and capacity decisions in a stochastic make-to-order system with
endogenous demand. International Journal of Production Economics, 203, 83 - 95.

Boyaci, T., Ray, S., 2003. Product differentiation and capacity cost interaction in time and
price sensitive markets. Manufacturing & Service operations management, 5, 18 - 36.

Boyaci, T., Ray, S., 2006. The impact of capacity costs on product digerentiation in delivery
time, delivery reliability, and price. Production and Operations Management, 15, 179 - 197.

Celik, S., Maglaras, C., 2008. Dynamic pricing and lead-time quotation for a multiclass

34



make-to-order queue. Management Science, 54, 1132 - 1146.

Hammami, R., Frein, Y., 2014. A Capacitated Multi-echelon Inventory Placement Model
under Lead Time Constraints. Production and Operations Management, 23, 446 - 462.

Hammami, R., Frein, Y., Bahli, B., 2017. Supply chain design to guarantee quoted lead
time and inventory replenishment: model and insights. International Journal of Production
Research, 55(12), 3431-3450.

Haskose, A., Kingsman, B. G., Worthington, D., 2004. Performance analysis of make-to-
order manufacturing systems under different workload control regimes. International journal of
production economics, 90(2), 169-186.

Huang, J., M. Leng, M. Parlar, 2013. Demand functions in decision modeling: A compre-
hensive survey and research directions. Decision Sciences, 44(3), 557 - 609

Kingsman, B.G., Tatsiopoulos, I.P., Hendry, L.C., 1998. A structural methodology for man-
aging manufacturing lead times in make-to-order companies. European Journal of Operational
Research, 40, 196 - 209.

Liu, L., Parlar, M., Zhu, S.X., 2007. Pricing and lead time decisions in decentralized supply
chains. Management Science, 53, 713 - 725.

Palaka, K., Erlebacher, S., Kropp, D.H., 1998. Lead-time setting, capacity utilization, and
pricing decisions under lead-time dependent demand. ITE Transactions, 30, 151 - 163.

Pekgiin, P., Griffin, P.M., Keskinocak, P., 2008. Coordination of marketing and production
for price and leadtime decisions. IIE Transactions, 40, 12 - 30.

Pekgiin, P., Griffin, P.M., Keskinocak, P., 2017. Centralized versus Decentralized Competi-
tion for Price and Lead-Time Sensitive Demand, Decision Sciences, 48 (6), 1198-1227

Ray, S., Jewkes, E.M., 2004. Customer lead time management when both demand and price
are lead time sensitive. European Journal of Operational Research, 153, 769 - 781.

So, K.C., Song, J.-S., 1998. Price, delivery time guarantees and capacity selection. European
Journal of Operational Research, 111, 28 - 49.

Xiao, T., Qi, X., 2016. A two-stage supply chain with demand sensitive to price, delivery
time, and reliability of delivery. Annals of Operations Research, 241, 475 - 496.

Zhao, X., Stecke, K.E., Prasad, A., 2012. Lead time and price quotation mode selection:
uniform or dimerentiated? Production and Operations Management, 21, 177 - 193.

Zhu, S.X., 2015. Integration of capacity, pricing, and lead-time decisions in a decentralized

supply chain. International Journal of Production Economics, 164, 14 - 23.

35





